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Matrices

UNIT I MATRICES

Problem 1. Find the eigen values and eigen vectors of the matrix

-2 2 -3
A=l 2 1 -6

-1 -2 0
Solution:

The characteristic equationis|A - Al |=0.

-2-2 2 -3
i.e, 2 1-2 -6|=0
-1 -2 0-4

ie, (-2-2) [-A(1-1)-12] - 2[-2n - 6] -3[-4+1-A] =0
ie, (-(2-A)[A%-1-12] +4L+12+9+31=0
ie, A3+2%-210-45=0 (1)
Now, (-3)%+ (-3)*- 21(-3) - 45=-27+9+63-45=0
. -3isaroot of equation (1).
Dividing A3+ A2- 211 - 45by A + 3
-3/1 1 -21 -45
0 -3 6 45

1 -2 -15 O
Remaining roots are given by

A2-20-15=0
ie, (A+3)(A-5=0
ie, A=-35.

. Theeigen valuesare-3, -3, 5
-2-12 2 -3 0
The eigen vectors of A are given by 2 1-» -6||x,|=1|0
-1 -2 - X 0
Casel A=-3
-2+3 2 -3] [1 2 -3
Now 2 1+3 -6|~(2 4 -6

1 -2 3] |-1-2 3
1 2 -3
~lo 0 o

00 0



Matrices

X1+ 2X2-3X3=0
Put Xo = k]_, X3 = k2
Then X1 = 3k2 - 2k1

3k, — 2k,
.. The general eigen vectors correspondingto A = -3is K,
k2
3
When k; = 0, ko = 1, we get the eigen vector | O
11
-2
When k; = 1, k, =0, we get the eigen vector | 1
e
3 -2
Hence the two eigen vectors correspondingtoA =-3are| 0| and | 1
1 0

These two eigen vectors corresponding to A = -3 are linearly independent.
Case2 A=5

-2-5 2 -3 -7 2 -3
2 15 -6/~ 2 -4 -6
-1 -2 -5 -1 -2 -5
-1 -2 -5
~|0 -8 -16
O 0 O
" X1-2X2-5%X3 =0
-8X2-16X3:0
A solutionisxs=1,x2=-2, X1 =-1
-1
.. Eigen vector correspondingto A =5is|-2].
1
1 -1 2
Problem 2. Find the characteristic equationof | -2 1 3 | and verify Cayley-
3 2 -3

Hamilton Theorem. Hence find the inverse of the matrix.
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1 -1 2
Solution: Let A=| -2 1 3 |..Characteristic egn. of A is
3 2 -3

2%~ 2A2[141-3]+ A[-9-9-1]+26=0
e A’+1%2-191+26=0
By Cayley-Hamilton theorem ... A’ + A> ~19A+ 26l =0.

Verification:

1 -1 21 -1 2 9 2 7
JA=AA=|-2 1 3||-2 1 3 5 9 -10
3 2 -3){l3 2 -3 -10 -7 21
9 2 7)1 -1 2 -16 -21 45
SAN=ANA=| 5 9 -10|-2 1 3|=|-43 -16 67
-10 -7 21 ){ 3 2 -3 67 45 -104
Substituting in the characteristic equation
-16 -21 45 9 2 -7 19 -19 38 26 0 O 00O
-43 -16 67 |+| 5 9 -10(-|-38 19 57|+ 0 26 0|={0 0 O
67 45 -104) \(-10 -7 21 57 38 -57 0O 0 26 000
Hence verified.
Now to find the inverse of the matrix A, premultiply the characteristic equation by A™*
S AZ+ A-191 +26AT =0

A= %(19I —A- AZ)

19 0 O 1 -1 2 9 2 7 9 55
=i0190——213—5 9—10=i—397

26
0 0 19 3 2 -3) (-10 -7 21 7 5 1

1 0 3

Problem 3. GivenA =|2 1 -1/, use Cayley-Hamilton Theorem to find the inverse of A
1 -1 1

and also find A*

Solution:

The characteristic equation of A is
1-» O 3

2 1-» -1|=0
1 -1 1-X
ie, (IV)[L-2)@-0)-1]+3-2-1-1)] =0
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ie, (1-1)°-(1-1)-6-3+31=0

ie,1-3L+30%-2°—1+1-9+3L =0

ie, -A3+32+A1-9=0

ie, A3-30%-1+9=0

By Cayley-Hamilton theorem,  A33A*—A +9 =0

Tofind A, multiplyingby A%,  A%3A-1+9A" =0
Al= é[-A2+ 3A +1]

1 0 3|1 0 3 4 -3 6
A2=2 1 -1}j2 1 -1|=|3 2 4
-1 1 -1 1 0 -2 5

-4 3 -6 (3 0 9 1 00

[ -2 -4|+/16 3 -3|+|/0 1 O

0 01

3 -3 3
0 3
:% 3 2 -7
3 -1 -1
Tofind A*
We have A% 3A2-A+91=0
ie., A*=3A%+A -9l (1)

Multiplying (1) by A, we get,
A* =3A%+ A%-0A

=3(3A%+A-9) + A%-0A using (1)
= 10A%- 6A - 27
4 -3 6 1 0 3 100
=10|3 2 4|-62 1 -1|-27|0 1 ©
0 -2 5 1 -1 1 001
7 -30 42
=18 -13 46
~6 -14 17
0 0 2
Problem4..If A=| 2 1 0] express A®—25A% +122Aas asingle matrix
-1 -1 3

Solution: To avoid higher powers of A like A°we use Cayley Hamilton Theorem.
Characteristic equation is 2° —41°+51+2=0
By Cayley Hamilton Theorem A®-4A% +5A+2| =0

Tofind A®—25A% +122 Awe will express thisin terms of smaller powers of A using the
characteristics equation. We know that (Divisor) X (Quotient) + Remainder = Dividend

Assuming A’ -4A% +5A+ 2] asthe divisor we get,
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A+ AN +11A+ 22

A’ +OA® + 0A* — 25A% +122A+ Ol
A’ —4AA° +5A" + 2A°

A’ —4AA® +5A+ 2

4N° —BA* - 2A° - 25A% +122A
4A° —16A" + 20A° + 8A®

11A" - 22A° - 33A% +122A
11A" — 44A° + 55A% + 22A

22A° —88A% +100A
22A° —88A” +110A+ 44l

—-10A-44|

A —25A° +122A=(A°—4A° +5A+ 21 )( A’ +4A7 +11A+221 )+ (~10A-441)

But A’—4A2 +5A+2l =0
A® — 252 +122A=0—10A— 44|
— —(10A+441)

(0 0 20) (4 0 O
=—|| 20 10 0|+ 0 4 ©
\-10 -10 20) (0 0 44
4 0 20
=—| 20 54 0
-10 -10 74
44 0 -20
=—|-20 54 0
-10 10 -74

Problem 5. If Ai arethe eigen values of the matrix A, then prove that
i kAi aretheegen vauesof kAwhere‘k’ isanonzero scalar.

ii. A" aretheegenvaueof A"and
iii. %aretheeigenvaluesof Al
i

Solution: Let i bethe eigen values of matrix A and Xi be the corresponding eigen
vectors. Then by defn:  AXi = ZiXi......(I) (i.e by defn. of eigen vectors)
i. Premultiply (1) with the scalar k. Then

k(AXi)=k(AiXi)
ie(kA) X, = (ki) Xi
.. kAi arethe eigen values of kA (comparing with (1) i.e by defn.)
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ii. Premultiply (1) with A, then
A(AXi) = A(ZiXi)
e A’X' = 2i (AXi)
=i (AXi) from(l)
= ()" Xi
111 we can prove that A°Xi =(4,)° Xi andsoon A"Xi =(i)" Xi
-+ Ali"are the eigen values of the A™(comparing with (1) i.e. by defn.)

iii. Premultiply (1)with A™, then
A (AXi)= A (2iXi)
ie(AA)Xi=2i(AMXi)
e 1Xi=4i( A™Xi)
ieA'Xi = i Xi
Al
% are the eigen values of A™*(comparing with(1)).
i

2 01

Problem 6. Find the characteristic vectorsof| 0 2 0 | and verify that they are
1 0 2

mutually orthogonal.

Solution: A = Characteristic equation is 1°—64° +111-6=0

= ODN
o N O
N O -

Solving: 1=1,2,3
Consider the matrix equation (A—A1)X =0
Case (i) when 1 =1;
1 0 1)\x 0 1x, +0x, +1x, =0—(1)
0 1 0 x|=|0li.e Ox+1x,+0x,=0-(2) equation (1) & (3) areidentical.
1 0 1){x) (0 1x, +0x, +1x, = 0—(3)
Solving (1) and (2) using the rule of cross multiplication
-1
LT TN T RV
0-1 0-1 0-1 -1 0o 1 % L

Case (ii) when A =2;
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1 0 1)x 0 0x, +0x, +1x, =0 X =0
0 1 0l x,|=|0li.e Ox +0x,+0x,=0 l.e. X, isarbitrary say k
1 0 1)(x 0 Ix, +0x, +0x, =0 X =0
0 0
X, = ke 1.
0 0
Case (ii) when 1 =3;
-1 0 1)\(x 0 =X +0x,+1x,=0

0 -1 0{x |=|0]ie Ox+1x,+0x,=0 Solving (1) and (2)
1 0 -1){x 0 X +0x, +1x, =0

1
A% % x =0
1 0 1 .

Thus the eigen values are 1,2,3 and the correspondent eigen vectors are
-1\ (0 1

O [|1]and|0O]|. To checkorthogonallity, X, X,=0

1 0 1

X2TX3=O

XIX,=0

S X Xy X,

are mutually orthogonal.
6 -6 5

Problem 7. Find the latent vectorsof | 14 -13 10
7 -6 4

Solution: Characteristic equation is (1 +1)3 =0..1=-1-1-1
When 1 =-1(repeated 3 times) .. we have to find 3 corresponding latent vectors.

7 -6 5)\(Xx 0 TX +6X%,+5% =0
14 -12 10| x, |=| 0 |i.e. 14x -12x,+10%, =0 All three equation are identical
7 -6 5)(X 0 7X +6X,+5%, =0

.1.e. we get only one equation, but we have to find three vectors that are linearly
independent.

- Assume X =0=> —6X, +5x, = 0i.e—6x, =—5x, o2 =23 - X =
X, X, + 5%, L =Sgied=2X

o 01 O
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-5

Assume X, =0= -7x,+5%,=0 i.e 7x1:—5x3i.e.i5:%.'. X,= 0
6
And assume X, =0= 7x, —6x, =0 i.e. 7x, =6X, Oi.e.%=%.'. X;=|7
0

X1, X2and X3 are linearly independent.

1 11
Problem 8. Find the eigen vectorsof thematrix A =| 0 2 1
4 3

-4
Solution:
1-4 1 1
The characteristic equationof Ais | 0 2-2 1 |=0
-4 4 3-1

ie, (L-A)[(2-1)(B-1)-4]-1[0+4] +1[0+4(2-2)] =0
ie, (1-2)(A*-50+6-4)—4+8-4% =0
ie, (1-2)Q2-50+2)+4-4n =0
ie, (L-0)02-50+2+4) =0
ie, (L-1)(A*-5L+6) =0
ie, \-D(L-2)(L-3) =0
. Theeigenvaluesof A areA =1, 2, 3.

1-» 1 1 ||x, 0
Theeigen vectorsaregivenby | 0 2-A 1 |[X,[=|0
-4 4 3-A|| X, 0

Casel A=1
0 11 -4 4 2
0O 1 1|~/0 1 1
-4 4 2 O 0O
“AX1+ AXo+ 2%X3 =0
Xo+ X3=0
A solutionis, X3 =2, Xo=-2, X;=-1
-1

.. Eigenvector X;=|-2
2
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Case2 A=2
-1 11 -1 1 1
0O O 1(-|{0 0 1
-4 4 1 0O 0O
X1+ Xo+X3=0
X3=0
A solutionis, Xx3=0,Xx2=1,x1=1

1
. Eigenvector X, =|1
0

Case3 A =3
-2 1 1 -2 1 1

0O -11,~j0 -11
-4 4 0 0 0 O

2X1+ X2+ X3=0
Xo+X3=0
A solutionis, x3=1,x2=1,x1=1

1
. Eigen vector X3 = |1
1
2 20
Problem 9. Diagondisethematrix | 2 5 0 |using orthogonal transformation.
0O 0 3

Solution: Characteristic equation is A*-~101%+27-18=0
Solving we get the eigen valueas 1 =1,3,6

-2 0 1
When A=1X,=| 1 [;When A =3 X,=|0|;When 1=6,X,=|2
0 1 0

Tl (VB

Normalizing each vector, we get }/\/E ,| 0land y\/g
1
0 0

10
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VA VAIAC
0

o

~.Normalized Modal Matrix, N = 0 2-|.N=N"=| 0
VAR )
0o 1 0 VAIVA:
Then by the orthogonal transformation,
/f yf 2 20 / NG /]/ J5
N’AN = /1/ % 1 é gg 0 O %@ . On simplifying, we get
0
V5 /5 % 5
N'AN = D (4, 4,, )
1 00 . o
which is diagona matrix with eigen values along the
=D(136)=|0 3 0
0 0 6
diagonal (in order).
6 -2 2
Problem 10. Reduce | -2 3 -1 |to adiagonal matrix by orthogonal reduction.
2 -1 3

Solution: Characteristic equationis 1°-121%*+364-32=0..1=8,2,2
When 1 =8

-2 -2 2\(x 0

-2 -5 -1||%|=|0

2 -1 -5){x 0
i.e —2X% +2%,+2%,=0

—2% —5%, +1%; =0

2% —1x, +5%, =0

X

Solving any two equations > 1 é X=|-1

_2
-1 1
1
When A = 2 (repeated twice)
4 -2 2\(x 0
-2 1 1| % |=|0|ie-2x+2x,+2% =0.All theequations are identical.
2 -1 1)\x 0
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0
To get one of the vectors, assume x, =0= X, - X, =0 i.e%:%:. X,=|1
1
a
X, X, =0. Therefore X, and X, are orthogonal. Now assume X, =| b |to be mutually
C
orthogonal with X1 and Xo.
a
X/ X;=0ie(2 -1 1) bJ:Oi.e.Zab+c:0
c .a b c
le—=—=—
a -2 -2 2
and X;X;=0ie(0 1 1)|b|=0iela-b+c=0
C

After normalizing these 3 mutually orthogonal vectors, we get the normalized Modal

VA A:
varx N= Ve Yz Y
VA

Diagonalizing we get

A A A PN WA A A
PNl 0 Vs Ja| P TR SR S

2

VA AR Ve Ya Vo

onsimplifyingwe get D=D(4,4,,4,)

8
0
0

o N O

0
0
2

-D(8, 2 2)
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3 1 1
Problem 11. Diagonalisethematrix A = |1 3 -1
1 -1 3
Solution:
311 1
The characteristic equationof Ais | 1 34 -1 (=0
1 -1 32
ie, (A-1)(A*-8L+16)=0
. Theeigenvauesof A arel =1, 4, 4.
3A 1 1][x,] [0
Theeigenvectorsaregivenby | 1 3-A -1 ||x,|=|0
1 -1 3h||x, 0
Casel A =1
-1
Eigenvector X;=| 1
1
Case2 A =4
0
Eigenvector X, = | -1
1
a
Now assume X, =| b |to be mutually orthogonal with X; and Xo.
c
XlTXS:Oi.e—a+b+c:O} 2 b_c
andX]X,=0ie-b+c=0] 2 1 1
2
S Xy=1
1
-1 0 2

Hencethemodal matrix M= 1 -1 1
1 1 1



Matrices 14

VA
The Normalized Modal Matrix is N = %5 _%5 /]/JE

VAV AP IAT
Diagonalizing, we get

‘%%%31 VAR A
PoNANl 0 T S|t 2 M e e S

1
/f VAIAG s Yo Ve
1 00
-|0 4 0|=D(, 4,4
0 0 4

Problem 12. Reduce the Quadratic From 10x7 + 2X2 + 5% + 6X,%, —10x,x, —4X X, into

canonical form by orthogonal reduction. Hence find the nature, rank, index and the
signature of the Q.F. Find also a nonzero set of values of X which will make the Q.F.
vanish.

10 -2 -5
Solution: Matrix of thegiven Q.F.is A=| -2 2 3 |, whichisared and symmetric
-5 3 -5

matrix. The characteristic equationis 1° -174% + 424 =0
Solving, weget A=0, 3, 14

1 1 -3
When 2=0,X,=| -5|; When 1 =3, X,=1|; When 1=14,X,=| 1
4 1 2

and X, X,, X, are mutually orthogonal since X,', X, =0, X," X, =0 andX,' X, =0
Normalizing these vectors we get the normalized model matrix

Y@ V5
AR AIA
Vi@ /5 T
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Diagonaisingweget D =N"AN
=D(44,,4;)in order
=D(0, 3 14)
0 0O
i.e D=0 3 O |(i.e the eigen vaues in order along the principal
0 0 14
diagonal).
Now to reduce the Q.F to C.F (.i.e Canonical form)
Y1
Consider the orthogonal transformation X = NY where Y =| v,
Ys

Then the Q.F. X" AX becomes (NY)" A(NY)=YT(NTAN)Y
=Y'DY since NTAN =D

00 0)y,
=(VY,¥5)[0 3 0|y,

0 0 14)\y,
=0y, +3y,” +14y.’

Thus = 0y,” +3y,” +14y,’is the Canonical form of the given Q.F. And the equations of
this transformation are got from X= NY..

. Y /5 Jamly,
TN S|
A AT

1 1 3
X ==Yt —=Y, ———
% Ja2 Y Jéyz 14 ¥s

5 1 3
X2 \/Eyl \/§y2 \/ﬁy?z
Va2t 3T J1a 7P

To get the non-zero set of values of x which make the Q.F zero we assume values
fory,,y,andy, such that the C.F. vanishes.
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i.e 0y, +3y," +14y. will vanish if y,=0,y,=0andy, is any arbitrary value (for
smplicity sake, assume Yy, as the denominator of the coeff. of y,in the equations) let

Y1 :\/E

1 1 3
X :E(@)+ﬁ(o)—ﬁ(0)
ie x=1+0-0=1
Y x,=-5+0+0=-5
and x,=4+0-0=4
Thusthe set of valuesof x i.e(1, -5 4)will reducethe given Q.F. to zero.
To find the rank, index, signature and nature using canonical form:
C.F.is Oy, +3y,” +14y,”

. rank is 2 (no. of termsin C.F)
Index is 2 (no. of positive terms)

Signature of Q.F. = ( no. of positive terms) — (no. of negative terms) = 2
Nature of the Q.F. is positive semi definite.

Problem 13. Reduce the Q.F. 2xy +2yz+ 2zxinto aform of sum of squares. Find the
rank, index and signature of it. Find also the nature of the Q.F.

011
Solution: Matrix of theQ.F.is A=|1 0 1
110
Characteristic equationis 2°~31-2=0 solving A =2,-1,-1
1
When 1=2,X,=|1
1
When 2 = -1(repeated twice) we get identical equationsas X, + X, + X, =0
X=0=X+%=0 i.e.xzz—xgi.eﬁl:%
Assume 0
X, -1
1

which is orthogonal with X,.

a
Now to find X, orthogonal with both X, and X, assume X, =| b
c



Matrices 17

if XJX,=0, a+b+c=0
if X;X,=0, 0a-b+c=0

.. a b ¢
e —=—=—
2 -1 -1
2 -2
S Xy=-1] el 1
-1 1

which is orthogonal with X, and X,.
0] -3
Ve Ve s
Normalising these vectorswe get N = }/\/5 _}{/E }/\/5 andD = N'AN

VAT AINAG
2 0 O

=D(4,4,,4,)=|0 -1 0 |.Consider the orthonormal transformation X = NY
0O 0 -1
such that Q.F.isreduced to C.F.

The Q.F. isreduced as
XTAX =(NY)" A(NY)

=Y"(NTAN)Y
=Y'DY
2 0 0)\wy
=(Yu ¥ ¥a:)| 0 -1 0|y,
0 0 -1)\y,

. TheC.F.is 2y -y, - y.,°
rank of Q.F.is=no. of termsin C.F=3
index of Q.F. = no. of positivetermsinC.F. =1
signature of Q.F. = ( no. of positive terms) — (no. of negative terms)
=12=-1
Nature of the Q.F. isindefinite.

Problem 14. Reduce the quadratic form 8x7 + 7x3 + 3x2 —12x,X, + 4%, X5 —8X,X, t0 the

canonical form by an orthogonal transformation. Find also the rank, index, signature and
the nature of the quadratic form.
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Solution:
8 -6 2
The matrix of the quadraticformis A=|-6 7 -4
2 -4 3
The eigen values of this matrix are 0, 3 and 15 and the corresponding eigen vectors are
1 2 2
X, =|2], X,=| 1], X, =| -2/, which are mutually orthogonal.
2 -2 1
3 213 23
The normalized modal matrixis N={2/3 13 -2/3
213 -2/3 13
0 0 O
andN'AN=D=/0 3 0
0 0 15

Now the orthogonal transformation X = NY will reduce the given quadratic form to the
canonical form Oy? +3y; +15y;.
Alsorank = 2, index = 2, signature = 2. The quadratic form is positive semi definite.

Problem 15. Find the orthogonal transformation which reduces the quadratic form

2X7 + 2X2 + 2X% — 2X,X, — 2X, X5 + 2% X, into the canonica form. Determine the rank, index,
signature and the nature of the quadratic form.

Solution:
2 -1 1
The matrix of the quadratic formis A=|-1 2 -1
1 -1 2
2-12 -1 1
The characteristic equationof Ais | -1 2-1  -1|=0
1 -1 2-4
Expanding 13- 6A%+91-4=0
A =1lisaroot
Dividing 23- 6A%+ 9 - 4 by A -1,
1 -6 9 -4
0 1 -5 14
1 -5 4 |0
The remaining roots are given by A-BL+4=0

AZ-BL+4=(A-1)(L-4)=0
ie,A=14
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~.Theeigenvaluesof Aaer=4,1,1

Casel A =4
2-4 -1 1 ||x, 0
Theeigen vectorsaregivenby | -1 2-4 -1 ||x,|=|0
1 -1 2-4]|x, 0
-2 -1 1 1 -1 -2
-1 -2 -1(~/0 -3 -3
1 -1 -2 |0 0 O

X1-Xo-2X3=0
-3X2-3x3=0
A solutionisxz=1,xp=-1,x1=1.
1]
.. The corresponding eigen vector is X;= | -1
1_
Case2 A=1
2-1 -1 1 ||x 0
Theeigen vectorsaregivenby | -1 2-1 -1 || x,|=|0
1 -1 2-1f|x,] [0
1 -1 1 1 -11
-1 1 -1~/0 0 O
1 -1 1 0 0 O
. X1-Xo+ X3 =0
Put x3=0.Weget xs=x;=1. Let x;=%x>=1
1
.. The eigen vector correspondingtoA =1isX,= |1
0
X1 and X, are orthogonal as X; X, = 1.0 + (-1) «1 + 1.1 =0.

a
To find another vector X3= | b| corresponding to A =1 such that it is orthogonal to both
C

X1 and X, and satisfies X1- Xo+ x3=0

i.e, Xi.X3=0, X2 Xz3=0anda-b+c=0

i.e, la-lb+1c=0la+1lb+0c=0anda-b+c=0.

i.e, a-b+c=0and a+tb=0

i.e, a=-band c=2b

Putb=1,sothaa=-1,c=2
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-1

Xy=| 1

2
1 1 -1
Themoda matrixis|-1 1 1
1 0 2

1/Vs 142 -1/\s
Hence the normalized modal matrix is N=|-1/43 1/J2 1/
Vs 0 2/Vs

.. Therequired orthogona transformation is X = NY will reduce the given quadratic
form to the canonical form.

CF= 4yl +y;+y;
Rank of the quadratic form = 3, index = 3, signature = 3. The quadratic form is positive
definite.



