Unit.5. Linear System with Random Inputs

MISRIMAL NAVAJEE MUNOTH JAIN ENGINEERING COLLEGE, CHENNAI
DEPARTMENT OF MATHEMATICS
PROBABILITY AND RANDOM PROCESSES (MA2261)
SEMESTER -1V
UNIT-V: LINEAR SYSTEM RANDOM INPUTS

QUESTION BANK ANSWERS
PART-A
Problem 1. If the system function of a convolution type of linear system is given by
1
—  for |t| <a _ ) )
h(t) =<2a find the relation between power spectrum density function of

0 for |t| >a

the input and output processes.

Solution:
H(w)= i h(t ‘f”fdt=—Sinaw
(0)= [ e)ear=e
We know that S,, (o) =|H ( )|2 S (@)
_sin’ aw
Problem 2. Give an example of cross-spectral density.
Solution:

The cross-spectral density of two processes X (t)and Y (t)is given by
ptiqo, if o)<l
S (0)= o<
0, otherwise
A4, 0<¢<1

Problem 3. If a random process X (¢)is defined as X (1) = {0 Torvise” where A is a
,  otherwise

random variable uniformly distributed from —6 fo 6.Prove that autocorrelation function
2

of X (t)is %

Solution:
Ry (t.1+7)=E[ X (1 .X(t+r)]

—E[ ] [ X is constant]
But A is uniform in (—9,9)

.'.f(Q)z%,—0<a<0

SRy (tt+7) = iazf(a)da
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! [93 —(—9)3} _ L0

60

60 3
Problem 4. Check whether # is a valid autocorrelation function of a random
process.
Solution: Given R(7) =#

1 1

R(-7) =R(7)

=1+9(—72):1+912_

.'.R(r) 1s an even function. So it can be the autocorrelation function of a random

process.
Problem 5. Find the mean square value of the process X(t) whose power density spectrum
is 4 -

4+w
Solution:

. 4
Given S,, ()=
w ( ) 4+’

1 T T
Then R,, (T):Z_J;SXX(@)e do
Mean square value of the process is E[X2 (t)} =R, (0)

1
2r
4

1
J

S (w)do
do

4+ 0’

RS
2r

:ij L 2da) [ ! 5 s even}
Ty4+o 4+

= i.l{tan1 2} = E(tan’1 co—tan”' 0)
w2 2], =«
_2r_y
T 2
. . . l; 0<¢t<T
Problem 6. A Circuit has an impulse response given by /(¢)=<T find the

0 ; elsewhere

relation between the power spectral density functions of the input and output processes.
Solution:

H(w) :fh(z)e-fwfdz
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Problem 7. Describe a linear system.
Solution:

Given two stochastic process {X,(¢)} and{X, ()}, we say that L is a linear
transformation if
LlaX (t)+a,X,(t)|=aL] X, () ]+a,L[ X, (1)]
Problem 8. Given an example of a linear system.
Solution:
Consider the system f with output #x(¢) for an input signal x(z).

ie. y(t)=rX(t)]=1x(1)
Then the system is linear.
For any two inputs x(¢),x,(¢)the outputs are #x(f)and #x,(¢) Now

f[al x,(t)+a, x, (t)] = t[al X, (t)+ a, x, (t)}
= aylx, (t)+a2tx2 (t)

—a, f(x (1) +af(x (1))

.".the system is linear.
Problem 9. Define a system, when it is called a linear system?
Solution:

Mathematically, a system is a functional relation between input x(¢)and output y(7).
Symbolically, y(r)= f[x(t)],~o0 <t <o0..

The system is said to be linear if for any two inputs xl(t)and X, (t) and constants
a,,a,, f[a1 x1 +a2 x2 ] alf[x1 )]+a2f[x2 (t)]

Problem 10. State the properties of a linear system.
Solution:

Let X, (¢)and X, () be any two processes and a and b be two constants.
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If L is a linear filter then

Lla,x (t)+a,x,(t)|=aL] x, (1) |+ a,L] x, (1) ].

Problem 11. Describe a linear system with an random input.

Solution:

We assume that X (t) represents a sample function of a random process {X (t)} , the

system produces an output or response Y (t) and the ensemble of the output functions
forms a random process{Y (t)} The process {Y (t)} can be considered as the output of

the system or transformation f with {X (t)} as the input the system is completely

specified by the operator f .

Problem 12. State the convolution form of the output of linear time invariant system.
Solution:

If X (¢) is the input and /(7)be the system weighting function and Y (¢)is the output,
then ¥ (£) = h(t)* X (£) = [ h(u) X (t-u)du

Problem 13. Write a note on noise in communication system.

Solution:

The term noise is used to designate unwanted signals that tend to disturb the transmission
and processing of signal in communication systems and over which we have incomplete
control.

IToise
+ T
Uncorrelated Noise Correlated Noise
Internal Noise External Noise
M #1 v v .
White Shot Partition ~ Atmospheric Man made
Noise, Noise Noise Noise Noise
Thermal
Noise
Problem 14. Define band-limited white noise.
Solution:

Noise with non-zero and constant density over a finite frequency band is called band-
limit white noise i.e.,

Ny
Sw(@)=42"
0 , otherwise
Problem 15. Define (a) Thermal Noise (b) White Noise.

Solution:

a)|£a)B
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(a) Thermal Noise: This noise is due to the random motion of free electrons in a
conducting medium such as a resistor.

(or)
Thermal noise is the name given to the electrical noise arising from the random
motion of electrons in a conductor.
(b) White Noise(or) Gaussian Noise: The noise analysis of communication
systems is based on an idealized form of noise called White Noise.

PART-B
Problem 16. A random process X (t)is the input to a linear system whose impulse

response 1s h(t)=2e‘t,t20. If the autocorrelation function of the process is

Ry (7)= ¢ find the power spectral density of the output process ¥ (7).
Solution:

Given X(t)is the input process to the linear system with impulse response
h(t)=2e",t20

So the transfer function of the linear system is its Fourier transform

1 ()= [ h(r)e™dr

= T 2l dt [ Qe t> o]

—00

= ZT e ) gy

0

{ o (o) T
=2 ——
~(1+io) |,

= _? [0-1]=
1+iow
Given R, (7)= e
.. the spectral density of the input is

Sy (@)= 1RH (e)e " dt

2
1+iow

e -
= Ie P
—0

0 ©

20 —i 27 i
= I e’e ”‘"dT+Ie e dr
—0 0

= ]). e(Z—iw)rdT +]?e—(2+iw)rd1_
0

—00
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e(Z—iw)r 0 e—(2—iw)r @
= +| —
2-iw | | -(2+io) .

1 1
= 1-0[- 0-1
2—ia)[ ] 2+ia)[ ]
1 1
= +
2—iow 2+io
2+iw+2—-io 4

(2+i0)(2-i0) 4+0°
We know the power spectral density of the output process Y (t) is given by

Sy (@) = ‘H(a))‘2 Sy (@)
2 P 4

l+io| 4+0°
4 4

(1+a)2)ra)2
16
(1+a)2)(4+a)2)
Problem 17. If Y (¢)=Acos(wit+0)+N(z), where A is a constant , Ois a random

variable with uniform distribution in (—71, 71) and N (t) is a band-limited Gaussian white

N,
=2, for |o-ay|<a,

noise with a power spectral density S, (®)=1 2 . Find the power

0, elsewhere

spectral density of Y (¢). Assume that N (¢)and 6 are independent.

Solution:
Given Y (1) = Acos(wyt+0)+N(1)

N (t) is a band-limited Gaussian white noise process with power spectral density

N,
S (a))ZTO,

a)—a)0|<a)B le. Wy, — W, <W<W,+w,
0

Required S,, (@) = J. R, (t)e™ dr
—00

Now Ry, (t)=E[Y(t)Y(t+7)]
= E{[A cos (@t +0)+N (1) [ Acos (@t + o, +9)+N(t+r)]}
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_ A? cos (@t +0)cos(wyt +w,r+60)+ N (t)N(1+7)+Acos(w,t +0)N(1+7)
- {+Acos(a)ot+a)or+9)N(t) }
= AE[ cos( @t +6).cos(wyt + 0,7 +0) |+ E[ N(1)N(t+7)]
+AE[ cos(wyt+0) |E[ N(t+7)]
+AE[ cos(w,t +@,+0) |E[ N(t)] [+ and N (¢)are independent]

- A?Z{E[cos(%oot + @yt + 29)] +cos a)or} +Ryy (1)
+AE[cos(wt+0) |E[N(t+7)]  +AE[cos(a,t+a,r+20)] E[N(t)]}

Since 6 is uniformly distributed in (—7,7 ) the pdfof 6 is f(6)= 2L, -n<0<nm
n

" E[cos(amt+0)]= ]. cos(w,t+0) f(0)do

-

= I [cos ,t.c0s 0 —sin @,t.sin Q]LdQ
2r

-

1 z ‘ -
:E{COS a)otj; cosf@d O —sin a)otj; s1n0d9}
1 o
= E[COS w,t[sin 0]_ﬂ —sin a)ot.O] =0
Similarly E[Cos(Zcoot +m,T + 29)] = I cos (2wt + o,T + 29)%d9
T

-

_ 1 I [cos(2a)ot+a)or)00520—sin(2a)ot+a)or)sin20:|d9
ﬂ -

:%{cos(2a)0t+a)or) .[ c0s20d0 —sin(2a)0t+a)01').[ sin 20 d@}
w

-t -

sin 20

} —sin (2wt + a)or).O} =0

- 2L{cos(%oot - a)or).[

T

2
SR, (T) = cos T +Ryy (1)

w [ 2
28y ()= I [A? cos @, + Ry, (7) }e’md T

—00

2 © )
= A? I cosm,r.e”"d T+ J. Ry (t)e™ dr
s
)

{8(0-0,)+5(0+m,)}+Syy (@)
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2
:%{6(@—@0)+5(a)+w0)}+%,a)0—a)B <w<w,+o,

Problem 18. Consider a Gaussian white noise of zero mean and power spectral density

Ny applied to a low pass RC filter whose transfer function is H ( f ) = ; Find
2 1+i27 fRC

the autocorrelation function.

Solution:

The transfer function of a RC circuit is given. We know if X (t) is the input process and
Y (t)is the output process of a linear system, then the relation between their spectral
densities is S, (@)= ‘H(a))‘2 S (@)

The given transfer function is in terms of frequency f

S (1) =|H () S (1)

1 N
S S S
(/) 1+47° f?R°C* 2

1 T iot
~ Ry, (T)=E J. Sy (w)e” dw

1 o i2nt f N
- [ty
27 3 1+4n” f2R*C? 2
:%w ei(Zm’); df
T 2p2 12 2
AR 4
(47r2R2C2 ! j
N ) i(2nt) f
= 3 02 2 j : 2 df
lor"R°C~ 7, 1
+f7
27 RC
We know from contour integration '[ — dx = e
Jat+x a
N, T
R _ 0 27RC
T
27 RC
__ M oppee e
l167°R* C?
— N, 727;3C
8TRC

Problem 19. A wide-sense stationary noise process N(t) has an autocorrelation function
R,y ()= Pe™, where P is a constant Find its power spectrum

Solution:
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Given the autocorrelation function of the noise process N (¢)is R,y (7)=Pe .

o0

S S (@)= I Ry (7)™ dr

—00

o0

= I Pe e dr

_p { [ e de +I dT}
=P ie3lwrd7+J i) g T}

! |
5] i’il; iffii;ﬂ
(5
=

P

o)

3—za) 3+za)

P

3-iw 3+1a)

_ 3+io+3-iw | 6P
| (3-ie)(3+io)| 9+
Problem 20. A wide sense stationary process X(t) is the input to a linear system with
impulse response h(t)=2¢"',t>0. If the autocorrelation function of X(t) is

R, (r) =™ , find the power spectral density of the output process Y(t).

Solution:
Given X(t) is a WSS process which is the input to a linear system and so the output

process Y(t) is also a WSS process (by property autocorrelation function)

Further the spectral relationship is S, ‘H )‘2 Sy (a))
Where S, (»)= Fourier transform of RXX ( )

= T Ry (7)™ dr

o0
4l
= Ie et gz
—00

0 ©
4r i 4z i

Ie e dr +Ie e drt

—0 0

0

_ J'er(4—iw)d1_ +Te—r(4+iw)d
0
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g (a)): d+iv—4+iw _ 2iw
w (4-iw)(4+iv) 16+’
H ()= Fourier transform of A(t)

= T h(t)edt

T+iow T+iow
2 2
H = =
(@) 7+io| 49+ o’
2 4
H (o) =35
Substituting in (1) we get the power spectral density of Y(t),
4 2iw 8iw

S l0)= oo Tora (49+0°)(16+0°)

Problem 21. A random process X(t) with R,, (T) =e¢is the input to a linear system

whose impulse response is /(7)=2¢™,7>0. Find cross correlation R, (7)between the

input process X(t) and the output process Y(t).
Solution:
The cross correlation between input X(t) and output Y(t) to a linear system is

Ry (T) =Ry (T)h(f)
Taking Fourier transforms, we get

Sw (@) =Ry (0)H (o)
Given R,, (t)=¢""

10
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o0

s Sy (a)):_J;RXX (t)e  dr

0
=2 i
_ [ e ar
—00

0 ©
21 _—i 27 —i
= Ie e dr +Ie e dr
b 0
0

= J.e(z-iw)rdr +T€_(2+iw)7dr
0

—00

e(2—iw)r 0 e—(2+iw)r *©
= — +|—
2—io | —-(2+iw) .
1 1
= 1-0)- 0-1
2—ia)( ) 2+ia)( )
1 1 4
= + —
2—iw 2+i0 4+ @?

0

. H(w)= .[ h(t)e ™ dt

- fo-1]=
l+io 1+iw
4 2
Y = ]
w (@) 440* 1+io
_ 8
(2+iw)(2-io)(1+iv)
8 A B C
Let +

(2+ia))(2—ia))(1+ia)):2+ia)+2—ico l+iow
"8=A(2+iw)(1+iw)+B(2+io)(1+io)+C(2+in)(2-io)
Put @=i2,then 8= A(4)(-1)= 4=-2

o =1 then 8=C(1)(3):C=§

a):—i2,then8=B(4)(3):>B=§
2
LSy (@)= 2y 3 B

C24io 2—iw 1+io

11
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Taking inverse Fourier transform

-2 8/3
“R.(t)=F" ++F —— +F‘( ]
XY( ) (24—1’@) 2—iw I+io

= —2.e"2’u(r)+§e2’,u(—r)+§e"’u(r)
Problem 22. If X(t) is a band limited process such that S,, (@)=0,where|w|>o prove
that Z[RXX (0)—RXX (T):| <c’t’R,, (0)
Solution:
Given S, (®)=0

=Sy (0)=0if w<-c oro>o

>0

1 T iTw
T):EJ.SXX(a))e do

1 ¢ T
:ZJ-SXX(a))e do
:%J.SXX(a))(cosrco+isinm))dw

T s
=2L{ISXX(a))cosm)a’w+ijSXX(a))sinm)dw}

| i

g I SXX(w)cosrwdw=ZISXX (w)cost wd w and J. Sy (0)sintodw=0

—c -o

LRy (T )=L2 S (@) costodw

27 5

zljSXX (w)costodw

1
—;ISXX (0)do ..(1)

"Ry (0)-Ry (7) =% T Sy (a))da)—%j[ Sy (0)coswrdw

-0

=—J.S )(1-coswt)dw

:—js ®)2sin’ ( : jda)

We know that sin* 0 < 6°*

12
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2 2 2 2 2
) T T oT oT
.'.2sm2(7jﬁ(—j = < ['.'OS@SG,a)zsoz]

R (0) [Using (1)]

2 2[Ry (0)= Ry (7) [<07°2°R,, (0)
Problem 23. The autocorrelation function of the Poisson increment process is given by

A? for |1'| >e
R(7)= Py A [I—H] for |T| o Prove that its spectral density is given by
€ €
47 sin’ %t
S(w)=27A%5 (o) + =

Solution:
A’ for t>—€ort>e
Given the autocorrelation function R(r) =

f—j_\

12+£(1—mj for—e<rt<e
€ €

.. The spectral density is given by S(®)= | R(z)e ™dr,by definition

Il
é'—-S

R(T)e'i’“’dr

= zlze"”’"dr + _jilz +§(1 —g}}"im’dr +Iﬂ,ze"im’d1

= T/lze’”“’dr + .T e ™dr + T/lze”'m’df n j‘g[l _Hj o7

= TR(T)e"i’“’dr + i R(T)e'i”"dr +

e X

S

13
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_F(2)+ ej["jmmwlmmww

—€

Where F (lz) is the Fourier transform of 1?

S(w)=F(2*)+ {j( ||Jcosm)dr ZIL ||jsmm)dr} ..... )

T
But 1——] cosTw is an even function of 7 and[ | |J sinzw 1s an odd function of 7

e
i, Ll _ [ _ (_%
I[l . sintwdt = Oandj . costwdt = 2_[ 1 . cosra)dr( ‘L')

a)):F(i2 += 2I l—gjcosra)dr

—F (,12 ) n 24| (o[ sinTe)_[=1)f —costo [by Bernoulli’s formula]
ell e/l o € o’ .

= F(A%)+ 23 :;(1—3smm— — cosra)I
=F(12)+%:0—€;2 (coseco—cosO)}
~F(2)+ 2€wﬂlcwed
= F(A%)+ 6322 2sin* =2
S(a)):F(lz)+eji;2 sinz% ....... (1)

To find the value of F (lz) , we shall find the inverse Fourier transform of S (a)) ,
R(t)=F"(S(o))
1 la}‘L'
= E J;J da)

Consider S(w) =275 (@), where §(w) is the unit impulse function.

R(7) 2% .[ 272°8 () e dw

=7’ I §(w)e' dw

0

=221 [ e(r)s(t)dr=¢(0)

—00

14
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=? = .[ei“”5(a))da) =e’ =1 as ¢(co)=e”’"]

Thus A° = R(r) Taking Fourier transform
F()p2 ) = F(R(r)) = S(a)) = 2%&25(60)

Substituting in (1) we get S(w) =275 (w)+ ;M ~sin’ (%) .
€ o
Problem 24. Suppose X(t) be the input process to a linear system with autocorrelation

Ry (t)=36(r)and the impulse response H(w)= < 1. , then find(i) the
+io

autocorrelation of the output process Y(t). (ii) the power spectral density of Y(t).

Solution:

Given R, (t)=36(7) and H(w)=

1
6+im

o0

S8y (o) = J. Ry (7)e™dr

—00

= T 36 (T)e'i"”dr

= 3_[ o (T)e'i"”dr

We know 15(r)¢(r)=¢(0)

Here ¢(7)=e" ..¢(0)=1

58y (0)=3.1=3

We know the spectral relation between input and output process is
Sy (@) =|H (o) S,y (o)

21

36+0°

But |H (o)

S8y (0)= % i p~ which is the power spectral density of Y (7)

Now the autocorrelation of Y (¢)is R, ()= F"" (SYY (a)))

R, (z)=F" (36;}2)

We know F™ (%j = ¢
at+w

3 2.6
RYY(T):2—6F 1(62 +a)2] [Here o = 6]

15
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1 o
=—e

4

6+io+6—iw
(6—iw)(6+iw)

12 3
36+0°) 36+
Problem 25. Show that the power spectrum S,, (a)) of the output of a linear system with
system function H(®) is given by S, (®)=S,, (co)|H(co)|2 where S, (w) is the

power spectrum of the input.
Solution:

If{X(t)} isa WSS and if y(¢)= T h(a)X (t—a)da
We shall prove that S,, (0)=S,, (co)|H(co)|2 :

Consider ¥ (£) = [ X (t-a)h(a)da

0

X(t+z')Y(t)=:|;X(t+r)X(t—a)h(a)da

o0

E[X(t+z’)Y(t)]:_J;E[X(t+T) X(t-a)]h(a)da

16
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(7) =Ry (z)*h(~7)

RXY XX
Y(t)Y(t—T):;‘iX(t o) (i—)h(a)da

CE[Y(1)Y(t-1)]= .[ Ry (r—a)h(a)da

Assuming that {X(t)} & {Y(t)} are jointly WSS

R,, (r)zRXy(f)*h(r) --------- 2)

Taking Fourier transform of (1) we get

Sy (®)=8y (0) H* (0)------ (3)

Where H *(®) is the conjugate of H ()

Taking Fourier transform of (2) we get

Sy (@)=8,, (0) H(w)--------- 4)

Inserting (3) in (4)

Sy (@)= (0) H* (0)H (o)

S (@)= 8, () [H ()]

Problem 26. A system has an impulse response h(t) =e"U (t), find the power spectral
density of the output Y () corresponding to the input X (¢).

Solution:
Given h(t)=e",t20

H(w) :zh(t) ey

H(w)= Ie‘ﬁ’e‘[w’dt
0

17
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1
= B +a’
Sy (0)=|H (o) Sy (o)

Problem 27. If X (¢) is the input voltage to a circuit and Y (¢) is the output voltage,

{X(t)} is a stationary random process with x, =0and R, (7)= ¢! . Find 1y, Sy (@)

and S, (@), if the system function is given by H () = —; >
o+

Solution:

Given Mean [X(t)] =u, =0

Y()= [ h(a) X (1-a)da

-00

E[Y(t)}:Zh(a)E[X(z-a)]da:o

Sy (@)= I Ry (t)e™ dr

—0

o0 o0 o0
-2 —i 2| —
= Ie et dr = Ie " cosor dr = ZIe 2 coswT dt
i

()2 2|
H(w)=m2l+4
Sy (@) =|H (@) Sy (@)= (w21+4 ]a)24+4
Sy (w)= : ;

(o723

Problem 28. X (¢) is the input voltage to a circuit (system) and Y (¢) is the output

voltage. {X (t)} is a stationary random process with p, =0 and R, ()= ¢ . Find
R

t,, S, (0)& R, (7) if the power transfer function is H (o) = o

Solution:

Y(t)= Ih(a)X(t—a)da

18
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0
eEtT e*la)TdT +J‘ —aT *l(I)TdT

|—| é'—.o

a io)t (a+zw)r @ 1 1 2
o
= —t — T 2
o —iw a+za)) a—io a+io a’+o

IH |
_ 2a R
a’+o’ RP+ Lo’
Consider,
2a R’ A B

= +
(a2+a)2)(R2+L2a)2) a’+o’ R +Lo’
By partial fractions

2 2a 5
2a R o? _R
R -Ia’ I
Si(©)= a’+o’ R+’

By contour integration technique we know that

o iaz

[mdz="e" a>0
vz +b b

19
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2. )
- - R
2t
"R,y (’[) = L2 ey L se (L]
(1) i)
L L
Problem 29. X(t)is the i/P voltage to a circuit and Y(t) is the O/P voltage. X(t) isa

stationary random process with zero mean and autocorrelation R, (7)= ¢!, Find the

mean of Y (¢)and its PSD if the system function H (@)= ! .
Jo+2
Solution:
1
H(w)=
(a)) Jo+2
1
H(0)=—
~ (o)~
E[¥(1)]= E[X(0)].1(0) =0
2 1
H =
Hof =
ol 4
Su(@)=F[Ry (r)]=F| 2“}=w2+4
2 4
Sy (@) =|H (@) Sy (0) = ——
(a) +4)

.'.E(Y2)=j[(2+r)(9+2e’)dr +j).(2—r)(9+2e")dr

2 0 2 2
=[181 vae + 2 g0 (r—l)} +[187—4e7 et +1)}
2 -2 2 0
L E(Y,)=40.542

var(v)=E(r*)-[E(Y)]

=40.542-36=4.542

Problem 30. Consider a system with transfer function

. An input signal with
I+iow

autocorrelation function mé(r)+m2 is fed as input to the system. Find the mean and
mean-square value of the output.
Solution:

Given, H (w) =

o and Ry, (t)=md(t)+m’
S (@)=m+27mm’s (o)

We know that, S, (o) = ‘H(a))‘2 Sy (@)
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2

[m +27m’S (a))]

1+im

2

T [m +27rm25(a))}

Ry, (7) is the Fourier inverse transform of S, (@).

So, Ry, (7)= %eih\ +m?

Weknow that " R (r)=x"
¢ know tha 7)=
r >0 X
So X =M

X=m
Also H(0)=1

We know that Y = Lm=m
Mean-square value of the output=Y_ = R,, (0)= % +m’

Problem 31. If the input to a time-invariant, stable, linear system is a WSS process,
prove that the output will also be a WSS process.
Solution:

Let X (t) be a WSS process for a linear time variant stable system with Y (t) as the

output process.

Then Y (t) = I h(u)X (t —u)du where h(t) is weighting function or unit impulse

response.

0

.'.E[Y(t)]:J;E[h(u)X(t—u)]du
:]:h(u)E[X(t—u)]du

Since X (¢) is a WSS process, E[X(t)] is a constant u, for any t.

CE[X(t-u)]|=py

.'.E[Y(t)]=_]ih(u) i, du

=Ly Ih(u)du

—00

Since the system is stable , J. h(u)du is finite

—00

E[Y(t)] is a constant.
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Now Ry, (t,1+7)=E[Y(1)Y(t+7)]

]
|

TT h(ul)h(uZ)E[X(t_”l)X(H'T_”Z)Jduluz

h(u) X (t—u, dulj.h(uz)X(twLT—uz)duz}

—00

I
b

Jite)
I

8'—.8

h(u X(t- ul)X(t+T—u2)du1u2}

Since X (¢)is a WSS process, auto correlation function is only a function time difference.

(t,t+7) Ifh o (T+u, —u, )du, du,

When this double integral is evaluated by integrating w.r. to u,, u,, the R.H.S is only a
function of 7.
- Ry, (¢,1+7)is only a function of time difference 7 .

Hence Y (¢)is a WSS process.

Problem 32. Let X(t) be a WSS and if Y (7) = J. h(u)X (t—u)du then show that

)=h(1)* Ry (7)
)=h(=7)* Ry (7)
h(z)*R, (7)

Where * denotes the convolution and H" (@) is the complex conjugate of H ().

a) R, (T
b) Ry (t
c) R, (7)=

Solution:
Given X (¢)is WSS E[X(t)] is constant and

Ry (1,647) =Ry (7)
Y(t):zh(u)X(t—u)du

Now R, (t,1+7)=E[ X (1)Y (t+7)]

:E{X(t)Th(u).X(t+r—u)du}

—00

:Eﬁ h(u)X(t)X(t+T—u)du} = Th(u).E[X(t)X(t+r—u)]du

Since X(t)isma WSS Process,
E[X(1)X(t+7—u)|=Ry (r—u)
SRy (Lt+7)= J. h(u)Ry (7 —u)du

—00
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= Ry (1) =Ry (7)*h(7)
(b). Now Ry, (7) =R, (-7)

=R, (—7)*h(-7) [ from (i)]

=Ry (t)*h(—r)  [Since R,y (7)isan even function of 7 ]
(©). Ry (t,t-7)=E[Y(1)Y (t-7)]

:Eﬁh(u)X(I—u)qu(t—r)}

E{iX(t—u)Y(t—r)h(u)du}

= [ E[X(e=u)¥ (r=2) () du = [ Ry (z =) ()

It is a function of 7 only and it is true for any 7 .
SRy (T) =Ry () *h(7)
Problem 33. Prove that the mean of the output of a linear system is given by
y =H(0) i, , where X (1) is WSS.
Solution:

We know that the input X (¢), output Y (¢) relationship of a linear system can expressed
as a convolution Y (7)=h(1)*X (¢)

=Ioh(u)(t—u du

Where h(t) is the unit impulse response of the system.
.. the mean of the output is

E[Y(t)]:Eﬁ h(u)X(t—u)du} — [ () ELX (t-u)]du

—00 —00

Since X(t) is WSS, E[X(t)] = p, is a constant for any t.
E[ X(t—u)]=py,

o0

E[Y ] I /,thu—/,tXJ.h( )du

—00

We know H (a)) is the Fourier transform of /(¢ )
1.e. H I h(t

put =0 - H(0)= | h(t)dt = [ h(u)du

—00

VE[Y(t)]=p H(0).
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